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It is shown in this paper that Theorem 1 of [G. H. Meisters, “Translation- 
invariant linear forms and a formula for the Dirac measure,” J. Functional 
Analysis 8 (1971), 173-1881 can be deduced from a very general result of Lars 
Hiirmander, namely, Theorem 1 of “Generators for some rings of analytic 
functions” [Bull. Amer. Math. Sot. 73 (1967), 943-9491. However, Hijrmander’s 
theorem is evidently not applicable in several other cases where Meisters’-type 
results have been obtained (e.g., Theorem 1 of G.H. Meisters and Wolfgang M. 
Schmidt, “Translation-invariant linear forms on La(G) for compact abelian 
groups G,” J. Functional Analysis 11 (1972), 407-424). 
1. INTRODUCTION 
Let G be a given locally compact Abelian group and let E be a given transla- 
tion-invariant locally convex topological vector space of complex-valued func- 
tions on G (or the topological dual of such a space) such that the Haar integra1 
on G has a unique restriction (or extension) to a translation-invariant con- 
tinuous linear functional H: E---f C. In papers [2-81 it has been shown that, 
for some (but not all) choices of G and E, the functional His uniquely determined 
(up to a multiplicative constant) by linearity and translation-invariance alone 
(i.e., without the assumption of any type of continuity or positivity condition 
on H). In each of the cases in which such a uniqueness theorem has been 
established for H, some form of the following (obviously sufficient) property was 
established first. 
* Theorem 2 constitutes a part of the Ph.D. dissertation of the first author. 
+ The second author was partially supported by NSF Grant MPS73-08633-A02 during 
the preparation of this paper. 
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Property I. For every f in E for which H(f) = 0, there exists an integer 
N > 1, there exist N elements a, ,..., q,, of G, and there exist N elements 
g, ,..., g, of E such that 
Here ~(a) g denotes the translate of the element g in E by the element a in G: 
T(U) g(x) = g(x - a). A linear functional @: E -+ C is said to have period a E G, 
or to be invariant under translation by a, if @(T(u) f) = @(f) for all f in E. 
The functional @ is said to be translation-invariant if it has period a for every 
a E G. 
The exact form of Property I depends greatly on the choice of the group G 
and the vector space E. In order to illustrate the variations that can occur, we 
list here five examples from the cases which have been investigated. (For 
further details see papers [2-9, 121.) It will then be shown that the first example 
can also be deduced from a very general result of Hormander [l]. 
EXAMPLE 1. G = (R, +) and E = d’(R), th e vector space of all distributions 
with compact supports on the real line R. Property I in this case becomes a 
characterization of non-Liouville numbers. A real number 0 is called a LiouviZZe 
number if it can be rapidly approximated by rationals in the sense that for every 
integer m > 2 there exist integersp and q with q 3 2 such that 10 - (p/q)\ < q-“. 
These numbers 8 include all rationals and infinitely many (actually c) trans- 
cendentals, but no algebraic irrationals (Liouville’s Theorem) and they are 
known to form a set of Lebesgue measure zero. See [lo]. Thus almost all reals 
(including all algebraic irrationals) are non-Liouville numbers. 
THEOREM 1 (see [2, 3, 6, 91.). If a and /3 are any two nonzero real numbers 
such that a/p is not a Liouville number, then there exist two (necessarily distinct) 
distributions A and B, both with compact supports on R, such that 
6’ = A - +)A + B - +)B. (1.1) 
And conversely, ;f(l.l) h o Id f s or some distributions A and B in b’, then a//I is not a 
Liouville number. 
The Lebesgue integral on R extends to a linear functional H on 8’ by the 
rule H(T) = (T, 1) f or T E 8’. Since H(T) = 0 if and only if T = s’ for 
some S in b’, convolution of both sides of (1 .I) with S yields a formula of the 
type (1). The cases of Cm functions on the line R (and also on the circle group T) 
were deduced from this case in [3]. 
EXAMPLE 2. G = T (the circle group) and E = Lz(T). Property I takes the 
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following form [8] ( more complicated than Case 1, but still the integer N does 
not vary much): 
For every f in L2(T) for which H(f) = Sri(~) dx = 0, there is a set 
Zf C T3 = T @ T @ T such that the (product) measure of T3\2, is zero and 
for every triple (ui , aa , a3) in & there are functionsg, , g, , g, inL2(T) such that 
j=l 
However, as shown in [8], n, 2, = 0. 
EXAMPLE 3. G = R and E = D(R). In this case there actually exist (see 
[4, 121) discontinuous translation-invariant linear functionals on E so that 
Property I fails to hold. For L’(G) with compact G see [13]. 
EXAMPLE 4. G = D = (2 mod 2)W, the Cantor discontinuum group; and 
E = L2(D). Here again there exist (see [4, 71) d iscontinuous translation-invariant 
linear functionals on E so that Property I fails. Note that this group D is compact 
but totally disconnected. The group Z, of p-adic integers is another compact 
abelian group which is totally disconnected, but we do not know whether or 
not Property I holds for the Hilbert space L2(Z,). 
EXAMPLE 5. G = T (the circle group) and E = C(T), the Banach space of 
all continuous complex-valued functions on T. Although some partial results 
are known in this case (see [6]), we do not know whether or not Property I 
holds for C(T). 
2. DERIVATION OF THEOREM 1 FROM H~RMANDER'S THEOREM 
Let Q be an open set in Cn and let p be a nonnegative function defined on Q. 
Hijrmander [I] introduced the rings A.(Q) of all functions f analytic in Q such 
that for some positive constants C and b 
/ f(z)1 < C exp(bp(z)), z 6 Q. (2) 
He then proved the following theorem which determines when the ring A,(Q) 
is generated by a given finite set of its elements fi ,..., fN . 
H~RMANDER'S TI-IEOREM (see [l]). Let p be a plurisubhmnonic function in 
the open set Q C Cn such that 
(i) all polynomials belong to A.(Q), 
(ii) there exist constants Kl , K, , K3 , K4 such that z E J2 and 1 z - 5 j < 
exp(-K&x) - K,) 3 5 E Q and p(l) < K,p(z) + K4 . 
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Then fi ,..., fN E A,(Q) generate A,(Q) if and only ;f for some positive constants 
c and A 
for all z E 52. 
I fMl + ... + I fN(41 2 c exd-W)) (3) 
In this section we shall be concerned only with the very special case when 
n = 1, .Q = C, and p(z) = 1 Im z j + log(1 + / z I). In this case Hiirmander’s 
ring A,(Q) is identical to the ring A%’ of all entire functions f (2) which satisfy 
an inequality of the form 
I f(z)\ < C(1 + j z 1)” ebltmzl, for all z EC, (4) 
for some positive constants C and b. This ring obviously contains all polynomials. 
Furthermore, by the Paley-Wiener-Schwartz theorem [ll], this ring A$’ is 
identical to the ring (a’)^ of Fourier transforms of distributions with compact 
supports on R. The space 6’ of distributions with compact supports is a con- 
volution ring and the Fourier transform is a ring-isomorphism of 6’ onto 
(CT’)* = A%! = A, . Next, it is clear that p(a) = 1 Im z / + log(1 + / z 1) 
satisfies the conditions of Hiirmander’s theorem since “plurisubharmonic” 
reduces to “subharmonic” when n = 1 and since 1 z - 5 1 < exp(-K,p(z) - K,) 
implies 
P(5) < I W(5 - 4 + 41 + lodl + I 5 - z I + I z I) 
< 1 WC - 4 + I Im 2 I + log(l + Ix I> + I 5 - z l/(1 + I .2 I) 
G p(x) i- 2 I 5 - z I < P(X) + 2, 
so that we may chose Ka = 1 and K4 = 2 with Kl and K, arbitrary in 
Hiirmander’s Condition (ii). Finally, with our choice of p(s), Hormander’s 
Condition (3) becomes 
We are going to apply this condition to pairs of functions of the form 
f&z) = (1 - e-P~i~z)/2mk, ZEC, (5) 
where 01 is an arbitrary nonzero real number. Specifically, given two nonzero 
real numbers 01 and p, we will be interested in the condition: 
There exist positive constants c and h such that 
Ifa( + If&)1 3 ~(1 + I 2 I)-^ e-AIrY for all z EC. 
(6) 
LEMMA 1. All functions fJ.z) of the form (5) belong to A. 
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Proof. By continuity of the entire function (sin w)/w there exists a constant 
C>lsuchthatI(sinw)/wI <Cforlwj <l.Iflwj >l,thenI(sinw)/w/ < 
[ sinw I < elIrnwl < CelImwl. Since el Irnzl > I, it follows that /(sin w)/w I < 
Celrmwl for all complex w. Hence, j fa(.z)j = 1 01 j eornlmz I (sin rorz)/~olz 1 ,< 
j ol I Ce2n~urmz~, which implies an inequality of the form (4), so that f=(z) 
belongs to .A’. 
LEMMA 2. A real number 8 is irrational and not a Liouville transcendental 
if and only if there exist positive constants D and d 3 2 such that for all nonzero 
integers k, 
/ 1 _ e-2nik0 1-1 < D 1 k Id-l_ (7) 
Proof. This lemma is easily proved with the help of the elementary ine- 
qualities 
4 11 x I/ < / 1 - ec2nix 1 < 2~ 11 x 11, (8) 
where I/ x 11 denotes the distance from x to the nearest integer. Recall that 0 is 
rational or a Liouville transcendental if and only if for every positive integer 
m > 2 there exist integers p and q with q > 1 such that j 0 - (p/q)1 < q-“. 
Thus if 0 is irrational and not a Liouville transcendental, then there exists an 
integer m, > 2 such that I 19 - (p/q)1 > I q I+% for all integers p and q with 
j q j > 1. Hence / 8q - p / 3 /I 0 II/l q P-l f or all integers p and all nonzero 
integers q. In particular, 11 eq Ij > 11 e !I/1 q Imo--l f or all nonzero integers q so that 
the left-hand side of (8) yields 
1 1 _ e-277ige I 2 4 II eq II 2 4 II 0 II/I q ~m~--l, 
which is inequality (7) with D = l/4 /I 0 /I and d = m, . 
Conversely, suppose that for some positive constants D and d > 2 inequality 
(7) holds for all k # 0. Then 6’ must be irrational and the right-hand side of (8) 
yields 
/I k6’ II 3 lj2rD I k Id-l for all k # 0. 
Choose m so large that 2m-d > 27~D and suppose there exist integers p and q > 1 
such that / 0 - (p/q)\ < q-“, as there must if 0 is to be a Liouville transcenden- 
tal. Then l/q+l > 1 q0 - p I > jl qB II > 1/2rrDqd-1 so that 1/2m-d > l/qm-d > 
1/2~-D contrary to our choice of m. Thus 6 is irrational and not a Liouville 
transcendental. 
THEOREM 2. Hormander’s Condition (6) holds for two functions f,(x) and 
_&&;{afhe form (5) ;f and onlr if ali3 is irrational and not a Liouville trans- 
Proof. If (6) holds, then for z = k/p ( w h ere k denotes a nonzero integer) 
one obtains I(1 - e-z~iku~s)/(2~ik//3)~ > c(1 + / k/t!? I)-“, which can be written 
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in the form 1 1 - e-anik@ 1-r < (i/3 1/2?rc)(l + 1 K//3 I)^ 1 k j-l, whose right- 
hand-side is obviously bounded above by D 1 K Id-l (when k # 0) for suitable 
positive constants D and d 3 2. Hence Lemma 2 applies to show that a//3 is 
not a Liouville number. 
On the other hand, if a//3 is irrational and Hormander’s Condition (6) does 
not hold, then for every pair of positive constants c and h there must exist 
complex numbers z such that 
If&>1 + IfoG$ < 4 + I z I)--Ae-Allmzl. (9) 
Let S(c, A) = (z EC: z satisfies (9)). Suppose that S(c, A) is bounded for some 
c and A. Then for all z 6 S(c, A) 
If&)l + If&>l 2 4 + I x l)-Q+mzf 
while for all z E S(c, A) 
Hence (6) holds for c replaced by min{c, c’} contrary to the hypothesis that (6) 
does not hold. Thus S(c, A) is not bounded for any positive constants c and A. 
However, if X > 2, then (9) implies that {y = Im z: z E S(c, A)} is bounded. 
Therefore, if A > 2, then S,(c, A) = {X = Re a: z E S(c, A)) is unbounded. 
Now for any real number 01, 
/ 1 _ e-2?riax j < 2 ( 1 - e--2miaz 1, 
where z = x + iy. Thus as z ranges over S(c, A), with h > 2, x = Rex 
ranges over the unbounded set S,(c, A) and satisfies 
, 1 _ e-2niax ( + I 1 - e-2dZ j 6 2{/ 1 - e-2niaz / + 1 1 _ e-2niRz I} 
< 43~c / z I (1 + 1 x l)-ne-Alrmzl (10) 
< 4Trc 1 z (1-A < 4&/l x p-l. 
Now if ti/fi is not a Liouville transcendental, then there exist positive constants D 
and d 3 2 so that (7) with i3 = d//I, holds for all nonzero integers k. For the 
remainder of this proof choose h = d and c = 1/4nD(l + 2~ 1 a//3 I) 1 B Id--l and 
choose an x in S,(c, A) so large that / j3x I > 1 and 
(d - l)/D(l /?c I - 1)” < 1. (11) 
Then (7), with 0 = a//3 and k = nearest integer to /3x, combined with (10) 
yields 
(l/D 1 /IX I”-‘) - (l/D 1 k I”-‘) + I 1 - e-anik”ls I - 1 1 - e--2miaz I 
> (1 + 27~ I a//3 I) I 1 - e-2ni0r j
> 4(1 + 27T Ia/p I) II px Il. (12) 
580/29/2-2 
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Thus /IX # k so that the Mean Value Theorem and (11) along with (8) yield 
(I/D //3x Id--l) - (l/D 1 k Id-l) < j(l/D&v)d-1) - (l/DA”-l)l 
G (d - 1) I Px - k l/D I rl Id 
< (d - 1) II Bx WI sx I - IId 
< II Px II- 
But also by (8) 
/ 1 _ &2nika/8 [ _ j 1 _ e--2nictx / 
6 1 e--lnika/d _ e-27&x j = I 1 _ e-2rri(rr-ka/B) / 
< 277 II ax - WP II d 27 I 4s I * I px - R I 
= 277 I 4s I . II Bx !! 
so that (12) yields the contradiction 
This completes the proof of Theorem 2. 
We are now in a position to deduce Meisters’ theorem (Theorem 1 above) 
from Hormander’s theorem. By Theorem 2 (just proved) and by Hiirmander’s 
theorem, a pair of functionsfJz) andjO of the form (5) generate the ring A! 
if and only if a//I is not a Liouville number. But fa(x) and&(z) generate .&I if 
and only if there exist entire functions u(z) and b(z) in A such that for all 
complex z 
27iiz = (1 - e-lniaz) u(z) + (1 - e-2niflz) b(z). (13) 
By the Paley-Wiener-Schwartz theorem there are distributions A and B, with 
compact supports on the real line, whose Fourier transforms are u(a) and b(x), 
respectively. Therefore, since (S’)^(z) = 2&z and (~(a)A)^(z) = e-2aiaz u(z), it 
follows that (13) is equivalent to (1.1) by Fourier transformation. 
3. CASES WHERE H~RMANDER'S THEOREM FAILS TO APPLY 
For each of the groups G and spaces E mentioned in the introduction, tjf 
belongs to E for every f E E and every character 6 E r, where r is the dual 
group of G. Hence the Fourier transform p of each element f E E is defined as a 
function on r by 
3cn = ff(ffh 
and the space I?’ = {f f E E} is a ring of functions on r. Furthermore, one has 
(+4f)W = m/‘cs> 
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for all a E G and [ E r, so that Eq. (1) becomes 
Thus Property I can be rephrased as follows: 
Property f. The ideal &, = {f~ &f(l) = 0}, in a ring .B possibly larger 
than e, is generated (algebraically) by the functions 
f&3 = 1 - w, 
UEG. (fa~.B?.) 
Now in order that Hiirmander’s theorem may be directly applicable to 
establish Property f (in those cases where Property 1 is true), the following two 
conditions would seem to be required. 
Condition I. There is a jinite subset F of G such that &, is generated by 
{fa : aEF). 
Condition 2. The ring l? should be isomorphic to an ideal in one of 
Hormander’s rings A, . 
In the case of our Example 1 (namely G = R and E = 8’) both of these 
conditions are satisfied. However, in each of the other cases mentioned in our 
Examples 2 through 5, Condition 2 evidently fails. Moreover, in Example 2 
(where E =L2(T)) d 1 an a so in Example 5 (where E = C(T)) it is known (see 
[S, 61, respectively) that Condition 1 is not satisfied. 
On the other hand, since Hormander’s theorem deals with a finite set of 
generators and since Property f may involve an injkite set of generators, it is 
not clear how Hormander’s theorem could be used to disprove Property f (in 
those cases where Property f is false). 
Hence Hormander’s theorem is evidently not applicable in any obvious 
way to the cases mentioned in our Examples 2-5. 
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